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I. INTRODUCTION 


One of the biggest problems in fundamental theoretical physics is a great difficulty to reconcile 
quantum mechanics and general theory of relativity in order to formulate consistent theory of 
quantum gravity. It is argued that at very high energies the gravitational effects can no longer be 
neglected and that the spacetime is no longer a smooth manifold, but rather a fuzzy, or better to say 
a noncommutative space j^. Physical theories on such noncommutative manifolds require a new 
framework. This new framework is provided by noncommutative geometry [^. In this framework, 
the search for generalized (quantum) symmetries that leave the physical action invariant leads to 
deformation of Poincare symmetry, with K-Poincare symmetry being among the most extensively 
studied js-Gj. 

K-deformed Poincare symmetry is algebraically described by the /t-Poincare-Hopf algebra and 
is an example of deformed relativistic symmetry that can possibly describe the physical reality 
at the Planck scale, k is the deformation parameter usually interpreted as the Planck mass or 
some quantum gravity scale. It was shown that quantum field theory with K-Poincare symmetry 
emerges in a certain limit of quantum gravity coupled to matter fields after integrating out the 
gravitational/topological degrees of freedom j7|. This amounts to an effective theory in the form of 
a noncommutative field theory on the /t-deformed Minkowski space. 

It is known js | that the deformations of the symmetry group can be realized through the applica¬ 
tion of the Drinfeld twist on that symmetry group . The main virtue of the twist formulation is 

that the deformed (twisted) symmetry algebra is the same as the original undeformed one and that 
there is only a change in the coalgebra structure which then leads to the same free field structure 
as the corresponding commutative field theory. 

In |l^ it was shown that the coproduct of D = 2 and D = A quantum «;-Poincare algebra in the 
classical basis can not be obtained by the cochain twist depending only on the Poinca re g enerators 
(even if the coassociativity condition is relaxed). However the deformation used in |l3l | is the so 
called time-like type of deformation, and it is known |l^ that for light-like deformation such a twist 


indeed exists 


15l-ll8|. 


In this work, we go other way round. Starting from /t-Minkowski space, we obtain its linear 
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realizations, then coproducts of momenta from realizations and finally, we present a method for 
obtaining corresponding twists from those coproducts. We show that, for linear realizations, those 
twists are Drinfeld twists, satisfying normalization and cocycle conditions. The method for obtain¬ 
ing Drinfeld twists corresponding to each linear realization is elaborated and it is shown how these 
twists generate new Hopf algebras. The resulting symmetry algebras are K-deformed i 0 l(ri) Hopf 
algebras. In special cases we obtain «;-Poincare-Weyl-Hopf algebra and «;-Poincare-Hopf algebra, 
but the former is obtained only for the case of light-like deformation. 

The paper is organized as follows. In the second section, K-Minkowski spacetime with deforma¬ 
tion vector in various directions (timelike, spacelike and lightlike) is introduced. In section III, 
notion of linear realizations is introduced and all linear realizations in n dimensions for n > 2 are 
found. Those realizations are then expressed in terms of generators of 0 l(ra) algebra. In section IV, 
deformed Heisenberg algebra is presented, along with star product and coproducts of momenta. 
At the end of this section, the twist operator is introduced and the relation between star product, 
twist operator and coproduct of momenta is given. In section V it is shown that the twist operator 
from the previous section is a Drinfeld twist, satisfying normalization and cocycle conditions. It 
is shown that initial linear realizations follow from these twists, which confirms the consistency of 
our approach. At the end of the section V, 7?.-matrix is presented. In the section VI, K-deformed 
i 0 [(n) Hopf algebra is presented, in general and for four special cases. In section VH, left-right dual 
K-Minkowski algebra is constructed from the transposed twists. Alternatively, K-Minkowski algebra 
is obtained from transposed twists with —)• —a^. The corresponding realizations are non-linear. 
In section VHI, nonlinear realizations of «;-Minkowski space and related Drinfeld twists, known in 
the literature so far, are presented. Finally, in section IX, outlook and discussion are given. 


II. k-MINKOWSKI space 


K-Minkowski space is usually defined by 


Uy,Q: 


[xQ,Xi] = -Xi, [Xi,Xj]=^. 


K. 


Equations (JT|) can be rewritten in a covariant way fl: 

[x^,x^] = i{a^Xy - ttyX^) 


( 1 ) 

( 2 ) 


where E being undeformed n-dimensional Minkowski space) is a fixed deformation 

vector, which for the choice oq = and a, = 0 corresponds to ©■ Noncommutative coordinates 
x^ of K-Minkowski space form a Lie algebra. 
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Note that Lie algebra ([2]) is independent of metric. However, we point ont that onr physical 
reqnirement is that in the limit —)> 0, we get ordinary Minkowski spacetime. Hence, it is natnral 
to assnme and treat as a vector in nndeformed Minkowski space. There are two possibilities. 
One is to fix real parameters and the other is when are not fixed (transforming together with 
noncommntative coordinates x^) 21[. In this paper we chose the first possibility. 

Thronghont the article, indices are raised and lowered by the Minkowski metric rj, i.e. 
and , where the convention with positive spatial eigenvalnes of the metric is used, 

e.g. in (3 + 1) dimensions rj = diag(—1,1,1,1). Also, indices are contracted the same way, i.e. 
a ■ b = = rj^'^a^by and o? = a ■ a = for any vectors and b^. 

The deformation vector can be timelike (a^ < 0), lightlike {a? = 0) and spacelike {a? > 0), so it 
can be written like: 


1 

d,, — Ui, 


( 3 ) 


where is expansion parameter and G {—1,0,1}, which corresponds to the previously men¬ 
tioned three cases. Light-like deformation = 0 was first treated in context of null-plane quantum 
22[. Depending on the sign of a^, K-Minkowski Lie algebra is invariant under the 


Poincare algebra 


following little groups: 


• If is timelike (a^ < 0), the little group is SO{n — 1) 

• If is lightlike (a^ = 0), the little group is E{n — 2) 

• If is spacelike [a? > 0), the little group is SO{n — 2,1) 

It is useful to introduce enveloping algebra A, generated by the elements of K-Minkowski 
algebra. 


III. LINEAR REALIZATIONS 


Commutative coordinates and momenta generate an nndeformed Heisenberg algebra Ti 
given by: 

[x^,Xty] = 0 , 

[Pti,Xu] = ( 4 ) 

[Pli,Piy] = 0 
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Analogously to A in the previous section, commutative coordinates generate enveloping algebra 
A, which is subalgebra of undeformed Heisenberg algebra, i.e. A C Momenta generate 
algebra T, which is also subalgebra of undeformed Heisenberg algebra, i.e. T C Ti. Undeformed 
Heisenberg algebra is, symbolically, Ti = AT. 

In general, realization of NC space is given by: 


= Xa(p°'f,{p) (5) 

where is a function of which should reduce to 5“ in the limit when deformation goes to 

zero 


p 

Q / 

rn 

23 

25 


It is important to note that different realizations x^ = are related 

ry similarity transformations, where {Xfj_,Pu) and {x'^,p'^) satisfy undeformed Heisenberg algebra 
26l||27l|. In this section, additional label for and p^ is omitted for the sake of simplicity. 

We are looking for linear realizations of K-Minkowski space, that is the realizations where the 
function is linear in p^. They can be written in the form 

x^ = x^ + Ifj, ( 6 ) 

where is linear in momentum p^. It is given by: 

l/i = Kp^^XaP^ (7) 

where £ K. Inserting it in (|2]) gives that K^y°‘ has to satisfy: 


- TC./ = aX - 0.-5“ 


It also follows that satisfies the same commutation relations as x^: 


( 8 ) 

(9) 




( 10 ) 


A. Classification of linear realizations 

Since we assume that equations ([8]) and (|9|) transform under Lorentz algebra, the most general 
covariant ansatz for in terms of deformation vector for arbitrary number of dimensions^ 

n > 2 is: 

= Aoa^a^a'^ + Air]^^a°‘ + A25'^a^ + A^a^S^ ( 11 ) 

^ In 2 dimensions there are additional terms constructed with two dimensional Levi-Civita tensor For example, 
there is a solution = “((a" (cifla + C2tapo.^), where ci, C2 € R are parameters and a? 7^ 0. 
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leading to the following 


= Aottf^ia ■x){a-p) + Ai{a ■ + A 2 a^,{x ■ p) + ' P) (^ 2 ) 

From eqnation (j8]) it follows that 

As = ^2 + 1. (13) 

Using ([9| in combination with (1131) yields the following eqnations: 

Ai(Aoa2 + Ai + l) = 0 (14) 

A3(Aoa2 + A3 + l) = 0 (15) 

AiAga^ = 0 (16) 


Those eqnations have fonr solntions: 


1 . Ai = 0 , A 2 = — 1 , A 3 = 0 , a^Ao = c 

2 . Ai = 0 , A 2 = —c, A 3 = 1 — c, o^Aq = c 

3. Ai = —1 — c, A 2 = —1, A 3 = 0, o^Aq = c 

4. Ai = —1, A 2 = 0, A 3 = 1, = Aq = 0 

where c G M is a free parameter. We will denote these fonr types of realizations by Ci, C 2 , C 3 and 
C 4 respectively^. Explicitly for the tensor we have 


Cl : 


C2 : 


C3: 


K — 


K — 


K — 


^ dndpQjCii if n 7“ ^ 

d^ 

if a? = 0, 

Q 

^dndi/df^ CTJna^u T (1 Ad 7 ^ 0 

d^ 

PuaaiL, if a? = 0, 

Q 

-^d^di/da (1 T C)p^yda Pfj,a(^L'^ if O 7^ 0 

'niJ,u(^a Ad — 0 , 


C 4 : K^ya = -Vf^yda + PuadiL, Only for = 0. 


(17) 


® Where C stands for covariant. 
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Inserting (1171) into (| 6 ]) and ([7| gives: 


Cl • Xn — < 


Xn + a. 




-^{a ■ x){a ■ p) — {x ■ p) , / 0 


- afj,{x-p), 


= 0 , 


Co 


Xi,= < 


x^[l + {I - c){a ■ p)] + —{a-x){a-p)-c{x-p) , / 0 


La 


Xf, [1 + (a • p)] 


a? = 0 , 


( 18 ) 


Cs : x„ = < 


Xu + a. 




r(a • x)(o-p) - (x-p) - (1 +c)(a • x)p^, a^ 7^ 0 


= 0 , 


x^_i - a^{x-p) - (a • x)p^, 

C 4 : x^ = x^ [1 + (o • p)] - (a • x)pfj,, only for = 0. 

Linear realizations for K-deformed Euclidean space were studied in j^|. However, in K-Minkowski 
spacetime, we have found four new linear realizations corresponding to lig( 

(a^ = 0). Only one of them, C 4 , corresponds to K-Poincare Hopf algebra 
equivalent for c = 1 while Ci and C 3 are equivalent for c = — 1. It is important to note that the 
first three solutions Ci, C 2 and C 3 are valid for all G M, and the fourth solution C 4 is only valid 
in the case of light-like deformation. 


rt-like deformations 
17 1 . Cl and C 2 are 


The inverse matrices such that for Ci, C 2 , C 3 and C 4 are: 


Cl : ={ 


+ 


1 


1 - (a • p) -I- c 


Vfii' T 7 r ! 
I ^ 1 - (a • p) 


C 2 : ' 


(p^^ ~ / 0 

= 0 , 

a ■ p 


l + (l-c)(a-p) [i + (i_c)(a-p)]^ 




A + {a- p) 

Vfii 


C 3 : — < 


+ 


1 — a • p(l — c(a • p)) - 
(1 -h c) [(1 - a ■ p)a^ + a?p^] p^ 


c{a-p) (-2 +Pm) -Pm 


1 — 2 a • p -|- (1 -|- c)((a • p )2 — a 2 p 2 ) ’ 

P^iau [(l-a-p)a;,-ka^p;,] py 

I — a . p 1 — 2a • p-|-((o • p)2 — a2p2) ’ 


T PfM ) 

= 0 , 

a2 / 0 

a^ / 0 , 


(19) 


n . .^-1 _ fo 

^4 • Pui/ — 


l + (a-p)- 

Special cases of Ci, C 2 and C 3 , when c = 0, we denote as 5i, S 2 and ^3 respectively: 

5i : Xf, = Xf,- a^(x • p), 

S 2 : Xfj, = Xf,[l +{a-p)] , 

S 3 : Xf, = Xf,-a^{x ■ p) - {a-x)p^, 


( 20 ) 
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where a? S M. 


B. Symmetry algebra i 0 [('re) 


For fixed solution we define undeformed i 0 l(n) algebra generated by and 

[Li 111/, Lxp] ~ VuxL/pp VppLiXu 
[Lpu,Px] = -PuVpX 
\Pp,Pu] = 0 

In addition to commutation relations (EU), 

[Lipui^x] = XiiTjuX 

also holds. 

Linear realizations can be written in terms of L 


pv 


X 


= Xa - 


p — 


Particularly, for (fTHI) : 


Cl • Xn - < 


Cp ■ Xa = < 


Xfi + ittfiLa^^, = 0, 


Cs : Xa= < 


Xa - z—a„a„a/3L“^ + icLa'^afi - i{l - c)a°'L^a, / 0 

= 0 , 

Xp - i-^aiiaaai3L°‘l^ + z(l + c)a^Lap + iLa'^afi, / 0 

a? = 0 , 

,2 




Xp id 


Xii + ia°‘Lap + iLa°‘aii, 


C/i • XII — “t" id i^Lap L/iay^ — XII “t" id Mclii, only for d — 0 

where — L^p generate Lorentz algebra. Note that C 4 is the only solution that 

written in terms of Lorentz generators. 

Commutation relations between generators of i 0 [(n) algebra with x^ are 

— i'ppu — iijlpii KaupP ) 

[Cpi/,Xx] = X^rjaX iiKi^XaVuX LifiXuVap KiiXafljSi/'jL-i ^ 


(21) 


( 22 ) 


(23) 


(24) 


can be 


(25) 

(26) 
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Algebra generated by and satisfies all the Jacobi relations. Only for solution C 4 this is 

also true for algebra generated by M^y, and 

At the end of this section let us introduce anti-involution operator f by = A, for A G C 

and bar denoting the ordinary complex conjugation (x^)^ = x^, (x^)^ = x^, {p^x)^ = p^ and 
(Mixy)^ = —M/xy. Since (a^)^ = the relations ( 2 ), (|4]), f|25l) and (1271) remain unchanged (i.e. 
they are invariant) under the action of f. Note that realizations Ci, C 2 and C 3 are generally not 
hermitian. In order to get the hermitian realizations, one has to make following substitutions: 

{L^y — {L^y)^) throughout the whole paper |28| . 


IV. DEFORMED HEISENBERG ALGEBRA, STAR PRODUCT AND TWIST OPERA¬ 
TOR 


Non-commutative K-Minkowski coordinates x^ and momenta p^ generate a deformed Heisenberg 


algebra % given by 


29|: 


[x^,X;y] - i{CL^Xy dj/X^), 

\p^l, Xy] = -iiPfxuip) = -iiVfxu + Kay^p^"), (27) 

\Pt^,Pu] = 0 

From previous section, it follows that "H is isomorphic to Ti. Algebra Al is a subalgebra of PL, i.e. 
A C p-L. Deformed Heisenberg algebra is, symbolically, PP = AT. 


A. Actions ► and [> 

Action ► is a map >--.Pi®A^A satisfying the following properties: 


= 'Pf,g&A 

(28) 

Pfi^ f = \Pti, f] ► 1 , V/ G A 

(29) 

► 1 = 0 

(30) 


It follows that 


Pi ► 1 

= A 




(31) 

^ ► 1 

= A 
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In a complete analogy, the action t> is a map > -.Ti.® A satisfying the following properties: 


f>9 = f9, V/,5e^ 

Pti> f = V/G^ 

l> 1 = 0 

Also, it follows that 

'H>l = A, 

A>1 = A. 

► and > are actions, so they satisfy: 

ifg) ► ^ = / ► (5 ► ^) 

if 9 ) >h = f>{g>h) 


(32) 

(33) 

(34) 


(35) 


(36) 

(37) 


B. Star product 


For K-Minkowski space, there exists an isomorphism (as vector spaces) between A and A, defined 
by: 


/>! = / 


(38) 


/►! = /, 

where f € A, and also, using realization for / G "H. Similarly, f ^ A, and also inverting 

realization for / G 7^. 

Using this identification, star product ★ : ^ (8) ^ ^ is defined by: 


/*5 = ifg) l> 1 = /l>ff 


(39) 


For K-Minkowski space, the star product is associative: 

[f -kg)-kh = f -k{g-kh). (40) 

Star product defines algebra which is defined like A^ but with non-commutative star product 
instead of ordinary multiplication. Algebras A^, and A are isomorphic as algebras, not only as vector 
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spaces. It follows that: 


(/ * 5) ► 1 = /5 

(41) 

H > 1 = A, 

^01 = A, 

(42) 

'Hp^1 = A, 

^ ► 1 = 

(43) 


It can be shown that: 

gifc-x ^ ^ ^ ^iK(k)-x ^ 44 ^ 

where K^{k) is invertible function : M”’ M”, which is calculated in Appendix lAl for linear 

realizations of x^. The inverse relation is 

^ik-x ^ ^ ^ ^iK-^{k)-x (45^ 


It can also be shown that there is a function P^{ki, k 2 ), such that 

^iki-x ^ ^ik2-x _ ^iP(k\,k2)-x 


(46) 


The star product between such exponentials is then given by: 

^iki-x ^ ^ik2-x _ ^iK-^{ki)-x ^ ^ik2-x _ ^iP{K-^{ki),k2)-x ^ ^i‘D{ki,k2)-x 


(47) 


Note that K^{k) = P^{k,0) and P^{ki,k 2 ) = P^{K ^{ki),k 2 ). Pn{ki,k 2 ) describes deformed 


addition of momenta (ki){k 2 )^ = P^{ki, k 2 ) (for more details see |30|). Calculation of P^{ki, ^ 2 ) 


P^{ki, k 2 ) and K^{k) for linear realizations (described in previous section) is given in Appendix [A] 
For elements f,g £ A which can be Fourier transformed 


/ = Jd^k f{k)P^-^ 

(48) 

g = jd^k g{k)e^’^-^ 

(49) 

we find corresponding elements f,g £ A 


/ = /►! = jd'^k 

(50) 

g = gp.l = jd^k 

(51) 

Then the star product f -k g can be written in the following way: 


fkg = fg>l= /dAidA 2 f{k,rg{k 2 )P^^^^’^^>^ 

(52) 
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C. Coproduct of momenta 


The undeformed coproduct Aq : T -^T ®T for momentum is: 




Deformed coproduct for momenta A : T —T <8) T is 


3ll-l33|: 


Ap^ = %(p(8) 1,1'Sip) 


Using results from Appendix we have: 


where 


= P/. 1 + ( 8 ) p“ 


( 53 ) 


(54) 


(55) 


A - le^i 




(56) 

(57) 


and 


AA^j^ — A^q, S a 




A(A ^)^^ = (A ^)ai.(8)(A ^) 


(58) 

(59) 


We also have: 


Pm/ = (Pm ► /) + (K/, ► f)P° 
A;../ = (A^„ ► /)A“, 
(A-i)^J=((A-i)„,^/)(A-i) 


(60) 

(61) 

(62) 


For example if / = xa we have 

= iK^x Aq,j/ 

[A^T^^^a] = -*A"iA:“Ai. 

WC llcivc LU CJVpiCOO I\ 

lAj. Momentum p^ acts on and with > and ► respectively in the following way: 


(63) 

(64) 

In order to specify Ap^, we have to express K~^{p) = p^ in terms of momenta p^ (see Appendix 


Pm > p^ ► = K^{k)e 


Ak-x 


ik-x 


Ak-x 


(65) 
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and momentum acts as: 

pjf ^ pjf > 

It is useful to introduce the shift operator Z, with properties: 

[Z, x^] = ia^Z 
Z = 


( 66 ) 

(67) 

( 68 ) 


Explicitly, for Ci, C 2 , C 3 and C 4 , coproducts of momenta are: 
• Case Ci: 


1 + Z +-^(Z^ - Z) (g) a ■ p 


= 


^IMU - 


V,u + ^{Z-^-l) 




z 


-1 


w 

= 


P/i - j{Z -1 + a-p) 


InZ 

J Z - 1 


Z = [1 — (1 — c)a ■ p] i-c 


(69) 

(70) 

( 71 ) 

(72) 

(73) 


Case € 2 - 


z-^ - Z'^ 


Ap„=p„®l+(Z'=-^)®p„+(c5 + (c-l)^,^^ 


' a ■ p 


= Vi^iy { - 




I I 

1 + c; + 


Z-^ - Z'^ 


I Z 


1 + c 


I / I /■ ^ \ P' 

+ 0 ,fj_ I c-^ + (c — 1 ) 


1 + c 

W \ z - z-'^ 


w 

Pm = 


Pm - ^(1 - ^ ^ + a - P) 
- 


In Z y 1 + c 

InZ 


J 1 - Z 


-1 


Z = [1 — (c — l)a • p] 


(74) 

(75) 

(76) 

(77) 

(78) 


Case C 3 : 


/ a \ 

^Pfi = Pm ® 1 + ^®Pm + ( (1 + ^'>^z ~ 


Kl = 


+ (1 + c) 


-c:^) (Z-1)Z®P° 

z 


w \ 

( r/ 


■^M^ — 


nW 


f?Mi^ + ( (1 + c)^ - c J I a^(Z 1-1) Z 1 


w 

Pm = 


Pm - j(Z -1 + a-p) 


InZ 

J Z - 1 


Z = [c + (1 — c) ((1 — a • p)^ — a^p^)] 


(79) 

(80) 

(81) 

(82) 

(83) 
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• Case C 4 : 


^Pfj. =Pfj.'^l + l^Pfj.+Pfj.'^a-p- a^paZ (g) - ^P^Z ®a-p 

+ a^pu - (p^ + yP^) 

A/xi/ = 'n^lu + P^au - {pu + ^ 


W I , 
p^, = [P^Ji + —p' 


2 \ In Z 


Z = 


2 ^ y 1 - z-i 
1 


1 + a- p 


(84) 

(85) 

( 86 ) 

(87) 

( 88 ) 


D. Relation between star product, twist operator and coproduct 

The star product is related to the twist operator in the following way: 

f -kg = ® g)] (89) 

where f,g & A. Furthermore, 

/ = m [^■■^(>(8) l)(/(8) 1)] , feA (90) 

where f £ A is expressed in terms of x,p G Ti. 

Using the above expression for star product eq. (|52p and (|89p . the twist operator can be written 
as Q,y,Qi 

=: exp [i{tXa (g 1 + (1 — t) (g Xa)(A — Ao)p"] : (91) 

where t G M and is generally defined up to the right ideal Iq C defined by 

m (Xo(i>(8) i>)(^ (g ^)) = 0 (92) 


V. DRINFELD TWISTS 


Starting with expression f|9ip for twist operator, we derive Drinfeld twists 


0 


l 8 l-llfll| in Appendix 


m 


T = exp {Kpa <g = exp {-ip^ (g Z“) (93) 

where p^ is given in the subsection II V Cl after equation (|64p and in Appendix A, and = 
—where satisfies (| 8 ]) and ([9]), with solutions eq. dm, generate K-Minkowski 

algebra 




( 94 ) 
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and L^i, generate 0 ^(n) algebra, see equation ( 1211 ) . 

The classical r-matrix r^, related to twist (1931) is: 

rd = Pa A = Pa (g) — Z" (g) Po 


( 95 ) 


For Cl, C 2 , C 3 and C 4 , twists are: 




T- I / OiaCLn 

Jci = exp <j - (rjap - 

Q-a®/? 


lnZ(g)L"^| = exp|-lnZ(g) 


D-c- 


yai3 




Jba = exp 1 - 


|- c InZ + (1 - c)a,3p)f (g)L"^| 


a 

7 ^ 3 = exp |- InZ - ( 1 + c)aap^ (g)L“^|, 

7^4 = exp I (oap^ - app^) (g) L"^| = exp joap^ (g) M“^| , = 0 


(96) 

(97) 

(98) 

(99) 


Note that only for the case CaJo? = 0), the corresponding twist operator can be expressed in terms 


of Poincare generators only 


13, 


36|. 


Starting from the twist operator, the realization can be obtained using 


Xf, = m[F ^(cxg) l)(x^ (g) 1)] =x^- (100) 

Using twists dMI, (EH, dMI) and (1991) yields realizations Ci, C 2 , C 3 and C 4 respectively, which satisfy 
K-Minkowski algebra. 


A. Undeformed i 0 l(n) Hopf algebra 

Coproducts Aq : i 0 l(n) —)• i 0 [(n) (g) i 0 [(n) in undeformed i 0 l(n) Hopf algebra are: 

AoP/, = P/, <Si 1 + 1 <Si Pf, (101) 

AqT^i/ = (g) 1 + 1 (g) ( 102 ) 

counit e : i 0 l(n) —>• C is 

e(Pu) = = 0, e(l) = 1 (103) 

and antipode Sg : i 0 l(n) —)■ i 0 [(n) is 

'S'o(Pm) = -Pm’ Sq{L^,,) = -L^y. (104) 
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B. Normalization condition 


Now we show that these twists satisfy normalization condition and cocycle condition, i.e. that 
they are Drinfeld twists. 

The normalization condition 


m{e (S> = 1 = m(l (g) e)J' (105) 

follows trivially since the twist is of the form T" = e^, where / = —ip^ (g) P, therefore, 

(e(g) 1)/= (1 (g) e)/= 0, (106) 

and from this follows 


(e (g) 1 )F = (e (g) l)e'^ = 1 (g) 1, 

(107) 

(1 (g) e)F = (1 (g) e)e'^ = 1 (g) 1. 

(108) 


C. Cocycle condition 


Cocycle condition is 


{J- (g) l)(Ao <g) 1)^" = (1 (g) J-')(l (g) Aq)-?^ 


We shall prove it rising factorization properties of twist F 


(A (g) l)F = J23-^13 
(1 (g) Ao)!^ = 


where 


Fi2 = 


The first factorization property (|110l) can be proven to hold in a following way: 


-^23-^13 = e 


— pi®(—*p^)®^“p— 


= 1 g*pS^®i®^“gi®*p2^®^“ 


-1 




(109) 


( 110 ) 

( 111 ) 


( 112 ) 

(113) 

(114) 


(115) 
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This holds because generates the same algebra as and 

^iki-x^ik 2 -x _ 

Furthermore, since 2)^ [p^ (8i 1,1 it follows that: 

J-23J-13 = = (A ® = (A ® 1)^ 


( 116 ) 


(117) 


The second factorization property (11111) for our twist follows trivially: 

(1 ® Ao)-F = (1 ® Ao)e^''“®^“/5 

(118) 

= -^13-^12 

To see that cocycle condition follows from factorization properties, the first property, eq. (IllOp . 
should be multiplied by T 12 from the right and second one, eq. dnu), by J -23 from the left: 


[(A (g) 1)J'](J'(g) 1) = J23J'i3J'l2 (119) 

(1 (g) J')(l (g) Ao)T'= 7-23-^13-^12 (120) 


which implies 


[(A(gl).F](.F(gl) = (l®.F)(l(g Ao)-F 


( 121 ) 


Since [(A (g) 1 )F]{F ®1) = {F® l)(Ao ® 1)-T, this is the cocycle condition (|109l) . 


D. R-matrix 


R-matrix is defined by |34l . l37l | : 

7^ = FF-^ = e 




where F = tq-Tto is a transposed twist, see section VII. for details. 
Up to the second order we have: 


ln7^ = i{p^ ® r - r ® p^) - i (\p^A ® lyj - lyj ® \p^,f]) + o{k^) 


where 


( 122 ) 


(123) 


\p^^A = \p'^ Fy- Xu] = “ ‘fatip)) 




W -ai 


--1/ 


(124) 
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Commutator \p ^, Xy] is given in equation (IA21I) and inverse matrices ip~^ are given in (1191) and 
relation between and p^ is given in equation (IA20p . 

Generally, classical matrix r^i = In 7^ up to the first order in ^ and the classical Vd matrices can 
be written in terms of i 0 l(n) generators as 

Tel =P^^l^ = -iK/Si^aP^ A (125) 

where given in (1171) . Using (11251) we find the classical rc;-iiratrices for twists (|96p . (|97p . 


where 


= a-pA 
= a ■ p A 

JCs) 

'cl 


n 




CLolCL^ 




= a ‘ p A 
= a^Pp A 


c- \ D — c 


a“a^ 






OLj3 


l + -\D- 
n 




(126) 


- (1 - c)p" A (^Sap + (127) 

+ (1 + c)p" A (^ap - ^Map 


(128) 

(129) 

(130) 


(C \ 

is traceless symmetric part of L^^y, D = and M^y = L^y — Lyy, . Note that for the case C 4 , 

(n \ (n \ 

in ()129l) coincides with the Vd for light-cone case discussed in [16|. Also for c = 1 and 

for c = —1, which is consistent with discussion in section III. 


VI. TWISTED SYMMETRY ALGEBRAS 

The family of twists (1931) . applied to undeformed i 0 l(n) Hopf algebra (subsection IV Al) produces 
the corresponding K-deformed i 0 [(n) Hopf algebras. For h € i 0 l(?^), deformed coproduct Ah is 
related to undeformed coproduct AqH via: 

Ah = PAohP-^ (131) 

In deformed i 0 [(n) Hopf algebra the coproduct A is: 

Apf, = PAoPi,P~^ =p^is>l + A“^ (g) p°‘ (132) 

^P^~djP~P^ + ^py^lJ.aj ® (133) 


A(A-i)^, = (A-i)„,®(A-i)/ 
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(134) 

(135) 























where and are given in equations dTTT) . (ITOl) . (1761) . (1751) . (ISTT) . (IHOl) . (l 8 ^ and (l 8 ^ for Ci, 
C 2 , C 3 and C 4 respectively. 

We point out that generators (see equation (0) close K-Minkowski algebra (see equation fllOIl l 
and [IfiTPu] = iKa^yp'^. Note that twists can be expressed in terms of and p^. From this it follows 
that A/^ = (where (8) 1 + 1 <8) is closed in and p^. 

The counit is unchanged: 

e{p^) = e{L^^) = 0, e{K^u) = e(A“^^) = (136) 

and the antipode S, obtained from coproduct and counit via m[(S'(8> l)A/i] = m[(l (8> S')A/i] = e(/i), 
is given by 


S{p^,) = (137) 

/ (9A-1 \ 

S{L^,) = - f A/^^S(p,) + A^,A;i j (138) 

S(A^,) = K-l (139) 

S(A;J) = A^, (140) 


The deformed Hopf algebra acting on (8> 1 , i.e. using gf = m 
and f £ A leads to 


Ag{>- ®l){f (8) 1) , Vfi( e i0[(n) 


[Apo-,Xi/] — Pcri/Xp + ppoiL ^ iKpuijL^ + iKpyaL ^ ( 141 ) 

[Pm> = -KVimu + Kg^pP^) ( 142 ) 

which also leads to (|2|). 

Let us consider special cases. For the case Si, the twist operator is: 


Tsi = exp {— ln(l — a- p) iSi D} (143) 

and coproducts and antipodes of Pp, D = and Mp^, obtained from the twist (I143p . are: 

^P^l =Pp®l + Z ®pp = Aopp - a-p®pp 
AD = D (8) 1 + Z~^ 8) D 
AMp^ = AoMp^ + {ttpPy - ayPp)Z~^ 8 D 

(144) 

S{pA) = -Z~^pp 

S{D) = -ZD = -D + (a • p)D 

S{MpA = -Mpy + {apPu - auPp) 
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The coproduct and antipode of are: 


S{1^) = -Zl^ 


-1 


(145) 


The symmetry of this case is Poincare-Weyl symmetry. The case iSi corresponds to the right covari¬ 
ant realization x^ = x^ — a^{x ■ p), see equation (|20p . and is related to j38|, but with interchanged 
left and right side in tensor product and with —>■ — a^. 

For the case 52 , the twist operator is: 


Ts 2 = exp < -app, 




a ■ p 


(146) 


and coproducts and antipodes of p^ and are: 

= AoP;^ +Ptj.®a-p = p^® Z~^ + l®p^ 

AT^^^ — AqZ/^^z Oj^P Z 

S{Pti) = -Zpf, 

Si^L^y) — o,^p Lap 

The coproduct and antipode of are: 

Al^ = AqI^ + a^paZ (g) 

S{1^) = - a^{p • 1) 

The case 52 corresponds to the left covariant realization x^ = [1 -|- (a • p)], see equation (1201) . 

For the case 53 , the twist operator is: 

J 53 = exp I — In Z (g) -I- a^p^ <g 

where 


(147) 


(148) 


(149) 


= [Pi^ + 


a^iP 


Z + 1 — a ■ p J Z — 1 


InZ 


and 


Z = \/(l — a • pY — a^p"^ 


(150) 


(151) 


and coproduct and antipode of p^ are: 

^P^l =p^l®l + 


Pfia T 1 Pa 


ttaP 




Z — 1 + a ■ p 
Z 


Z iSip° 


(152) 
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Similarly one finds and S{L^y) using equations (11331) and (11381) respectively. The coproduct 

and antipode of are: 


Al^ — ® 1 Z 0 -\- 

S{1^) = -Z-% + 


1 -Z -1 


Z - 1 
InZ 


W 


-a/^Pa + 


Z 2 


InZ 


a/iip^ • 0 + (^Pfj. + 


Z-1 


Z — I + a ■ p 


(153) 


Z^{a ■ 1) 


The case ^3 corresponds to x^ = x^ — o^(x ■ p) — {a ■ x)p^, see equation (l20|) . 

For the case C 4 , i.e. for the light-like k deformation of Poincare Hopf algebra, the twist operator 


is: 


Fci = exp ® M"^| 

and coproducts and antipodes of p^ and obtained from the twist (11541) . are: 


-a^[p° + ^a'^p^ ) Z 


^ Pa 


Apf, = AoPf, + 

AM^^ = AqTV + (d^a„ - 6°af,) (^p^ + Z (g) Ma0 

SiPfi) = -Pm - Am (^Pc^ + P^^ ^ 

S{M^y) = + {-a^5^ + au5^^) ^a0 


The coproduct and antipode of In are: 


(154) 


(155) 


(156) 


Al^ — AqI^ d^Pa ^ ^ 

5'(C) = -l^i + a^Z{p-1) 

The case C 4 corresponds to the natural realization x^ = [1 + (a • p)] — (a ■ x) 2 n, see equation 

PSI) . It is the only solution compatible with K-Poincare Hopf algebra jl 6 |, ll7|, l2^, [39 1. 


VII. TRANSPOSED DRINFELD TWISTS AND LEFT-RIGHT DUAL k-MINKOWSKI 
ALGEBRA 


Transposed twist is = tqFtq, where tq : 'H®T-L — 71®% is a linear map such that tq{A®B) = 
B ® A \/A,B £ PL. It is obtained from F by interchanging left and right side of tensor product, 
and it is also a Drinfeld twist satisfying normalization and cocycle condition. It is obtained from 
(|91l) by taking t = 1 and rising transposed coproduct Ap^ = tqAp^tq instead of Ap^. 

From transposed Drinfeld twist, a set of left-right dual generators of K-Minkowski spacetime can 
be obtained: 


y^l 


m 


F (txg) l){Xfj_ ® 1) 


X 


'A 


fia 


(157) 
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where for Ci, C 2 , C 3 and C 4 is given in (ITOl) . (17^ . (IHOl) and (1851) respectively. For example, for 
cases 5i, S 2 , S 3 and C 4 , generators and are: 


Si'. Vf, = Xf,{l -a-p), 
S2- yfi = Xf,- {a - x)p^, 

Ss- Vti = 


Xn+a.lx-p- 


{a ■ x)p^ 


Z + 1 — a ■ p 


Xf, = Xf,- afj_{x-p), 

Xf, = x^{l + a - p), 

Z, x^ = x^-{a-x)p-a^{x-p), 


C4: yfi = x^ + {a - x)p^ -a^{x-p + —^P^J x^ = x^- {a - x)p^ - x^{a ■ p), 0? 
Generators satisfy K-Minkowski algebra but with —a^ instead of fl: 

[yfi^yu] = -ii^fiyu - a^y^) 


Generators of «;-Minkowski space x^ commute with their duals y^ 


29|: 


(158) 

(159) 

(160) 
0 (161) 


(162) 


[x^,,yv\ = 0 


(163) 


Generally, dual basis y^ is related to basis x^ via 

y^ = (e-^)^^ (164) 

where = —C^au{p^)'^, where C^au are structure constants (see Appendix A inj^). From this 
relation, and equations (|5|) and (|157p for x^ and y^ respectively, it follows: 

Ky = (165) 


A. K-Minkowski algebra from transposed twists with 


Starting with the family of twists (I93F we define related Drinfeld twists T 
to nonlinear realizations of satisfying ©: 




Xu = m 


y- 


da—^ — dn 


(t> (g) l){Xfj, (g) 1) 


= x“ A 


a A -11 


They lead 


(166) 


Then the corresponding dual generators are given by 

yfj, ~ x^ + iKjj^QiL ^ = x^ Ifj, 


(167) 


Gompared to case with transposed twists y in the beginning of this section, here the roles of 
Xfj, and are interchanged, with —)• —a^. With this new family of twists, x^ are non-linear 
realizations of K-Minkowski space, while y^ are linear realizations of dual K-Minkowski space. 
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If we apply twists P to undeformed coproducts Ag/i, we get coproducts i.e 

left and right side in coproducts A/i are interchanged and is replaced by —a^. 

We point out that solution C 4 , and its transposed case, are of special interest because they l eac 
to light-like /t-Poincare Hopf algebra. They are related to the result by Borowiec and Pachol 
(comparison is given is section IVIII Bll . 


VIII. NON-LINEAR REALIZATIONS OF k-MINKOWSKI SPACE AND RELATED 
DRINFELD TWISTS 

We shall also present a few families of non-linear realizations and corresponding Drinfeld twist 
operators known in the literature so far. 


A. Timelike deformations 


The realizations we are considering are (2J, l30| : 


Xi = xnp{A) 

xq = xo'ip{A) - aoXkP^-/{A) 


(168) 

(169) 


where A = —a ■ p and functions p{A), 'ip{A) are such that v^(0) = '0(0) = 1 related to "){A) by: 

(170) 


^{A) = 04 ) + 1 


ip{A) dA 

Generically, the symmetry algebra is K-deformed i 0 [(n) Hopf algebra. We will present two cases. 

i) The first case is 0(H) = 1 , with arbitrary p{A) and 7 (H) = + Ij see equation (11701) . 

The coproducts of momenta are: 


Apo = Aopo = po ® 1 + 1 ® po 


Api = ip{A (g) 1 -|-1 (g) H) 


Pi 

p{A) 


1 + e" 


Pi \ 

¥’(A)J 


(171) 

(172) 


The twist operator is Abelian 
7(5 = exp < (A (g) 1 ) In 


35| 

p(H (g) 1 -h 1 (g) H) 


+ (1®1V)(71®1 + 1„A1^1|^)} (173) 


(f(A (g) 1 ) 

where N = ixip^ and [N, A] = 0. Since this twist is Abelian, it automatically satisfies cocycle 
condition, and therefore it is a Drinfeld twist. Special case is presented in Q, m 
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ii) In the second case, leading to Jordanian twists, given by Borowiec and Pachoi in 42|, 'ip{A) 
is a linear function, i.e. 'ip{A) = 1 + rA, where r G M, and 7 (A) = 0, which leads to 


ip = Ip r = (1 -|- rA) r 


The coproducts of momenta are: 


Apo = Po ® ^p{A) + 1 (g) po 
=Pi® i>{A) + l®pi 


The family of corresponding twist operators is: 


1 


= exp -LTq + -L'^k ® \nip{A) 


(174) 

(175) 

(176) 

(177) 


Special Jordanian twist was studied by Bu, Yee and Kim in Q and corresponds to iSi, but with 
interchanged left and right side of the tensor product, and with oq —)• —oo and c = r + 1 , i.e. 




ao^—do, c=r+l 


(178) 


B. Light-cone deformation 


In the light-cone basis, the K-Poincare algebra was studied in 


15 1 and 


Q, 


twist is extended Jordanian twist, written in terms of two exponential factors, 
transposed twist of with —>■ —a^, i.e. 

Extended Jordanian twist corresponding to light-cone deformation is: 


the corresponding 
It is identical to 




(179) 


where 


If we define 


[! + («• -P)] + see equation ffTH]) . and 


114 . = 1 H— P+ = I — a ■ P 

K 

ao = ai = ^ , aj = 0 for j > 1 


P± = 


V2 k 

Po±Pi 

V 2 


M+- = iMoi, M±j = J > 1 


A = —iM^ _(g) In n 4 _ 

13 = 


(180) 


( 181 ) 
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then [A, B] = aB, where 


a = 1 (g) In IIj 


(182) 


and A, B and ol generate algebra m, given in Appendix ICl Using result f)C2p from Appendix O 
it follows that J^lC: written as one exponential function, is given by 

f (n+ —l)lnn+ i _ lnn_i_ I , , 

Flc = exp < -iM+_ (g) -—---M+a (g) P —-- > (183) 


11 + — 1 K 


n+ -1 


Using our notation, this result is 


Flc = exp < ®a P 


g ln(l - g- P) 


a-P 


which thus proves the relation 


^LC = ^Ca 


aa—^ — Q'U 


(184) 


(185) 


The twist Flc leads to nonlinear realization (11571) and the corresponding coproduct is transposed 
coproduct with —>■ —a^. 


IX. OUTLOOK AND DISCUSSION 


The full analysis of all possible linear realizations for K-Minkowski space for time-, space- and 
light-like deformations is given. These realizations can be expressed in terms of the generators of 
g[(n) algebra. Coproducts of momenta for linear realizations are constructed. We have presented 
a method for constructing Drinfeld twist operators corresponding to each linear realization of k- 
Minkowski space and proved that it satisfies the cocycle and normalization conditions. We have 
constructed a whole new class of Drinfeld twists compatible with K-Minkowski space and linear re¬ 
alizations, denoted by Ci, C 2 , C 3 and C 4 . The symmetries generated by Drinfeld twists are described 
by K-deformed i 0 [(n)-Hopf algebras, and in the special case of 5i and C 4 we get the Poincare-Weyl- 
Hopf algebra and light-like /t-Poincare-Hopf algebra, respectively. We further illustrate how our 
method also works for constructing Drinfeld twists for nonlinear realizations and we compared our 
results to the examples already known in the literature. 

In this paper we were dealing mostly with linear realizations and the corresponding Drinfeld 
twists. However, for any realization, in general, one can construct a twist operator that does not 
have to satisfy the cocycle condition in the Hopf algebra sense (i.e. not a Drinfeld twist), rather it 
satisfies the cocycle condition in a more general sense (up to tensor exchange identities 27|), i.e. 
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in the framework of Hopf algebroids 


27|. It is crucial to notice that the K-Minkowski space can 


be embedded into a Heisenberg algebra which has a natural Hopf algebroid structure. One can 
show that the star product resulting from this generalized twist operator is associative and that 
the corresponding symmetry algebra is a certain deformation of in[(n)-Ho pf algebra. This general 
framework is more suitable to address the questions of quantum gravity j^, l4j| and related new 
effects to Planck scale physics. 

The problem of finding all possible linear realizations is closely related to classification of bico¬ 
variant differential calculi on K-Minkowski space |36l |. Namely, the requirement that the differential 


calculus is bicovariant leads to finding all possible algebras between NC coordinates and NC one- 
forms that are closed (linear) in these NC one-forms. The corresponding equations for the structure 
constants (from the super-Jacobi identities) are exactly the same as eqs. (8,9). The linear realiza¬ 
tions elaborated in this paper are expressed in terms of Heisenberg algebra, but one can extend this 
to super-Heisenberg algebra, by introducing Grassmann coordinates and momenta. This way one 
can construct the extended twists 


36 


45| which have the same desired properties, but also give the 


whole differential calculi. 

With linear realization it is much easier to understand and to perform practical calculation in 
the NC space. In Q it is proposed that the NC metric should be a central element of the whole 
differential algebra (generated by NC coordinates and NC one-forms). This NC metric should 
encode some of the main properties of the quantum theory of gravity. We hope that using the tool 
of linear realizations one can perform such calculations for a large class of deformations, and for 
all types of bicovariant differential calculi and predict new contributions to the physics of quantum 
black holes and the quantum origin of the cosmological constant Q- 

Recently |l^ , the Drinfeld twist corresponding to C 4 was analyzed and the corresponding scalar 
field theory was discussed. We are planing to further analyse the properties of quantum field 
theories |^, especially gauge theories that arise from this twist, but we are also interested in 
pursuing further investigations on the physical aspects of Ci^ 2,3 cases. 
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Appendix A: Derivation of coproduct 


Here we present construction of equations for K^{k) and P^{ki, /C 2 ) and their solutions for linear 
realizations. 

From equation (|46l) we find 

^ ^ik2-x ^ p^i^xki, (Al) 

where (^ 2 )/^ G M”’ and G T. Differentiating both sides by ^ and using 

we get the relation between P^{\ki,k 2 ) and realization (p^i,{P{Xki,k 2 ))'. 

dP^{Xkuk2) ^ ^^^^p^xk,,k2))kf (A2) 

Note that for A = 0 the boundary condition is 


Pi,{0,k) = k^. 


The coproduct for momentum p^ is calculated by 


3 ll-l 33 |: 


1,1 (8)p) 


where the function D^(A;i,A: 2 ) is given by 


P^{ki,k2) = Pf,{K-\ki),k2) 


and ^(^ 1 ) is inverse function of Pfj,{ki, 0) = A'^(fci). 

The function p^ia{p) describes the choice of realization in a following way: 

= x^'paiiip) 

In the case of linear realizations Pa^i{p) is: 

T P/3fiaP^ 


therefore 


dP^{XkiM) ^ ^ K^p^P^{Xki,k2)k{ 

This can be solved by expanding P(AA;i, ^ 2 ) in terms of A. 

00 

P^(Afei,A:2) = J]P^")(A:i,A:2)A-, 

n=0 


(A3) 


(A4) 


(A5) 


(A6) 


(A7) 


(A8) 


(A9) 
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which, comparing the terms with the same power of A, leads to 

= -^K^ 0 ^,Pi^\kiM)kl for n > 1 . 

^ n + 1 

Boundary condition f)A3D leads to: 

Pi°\kuk2) = ik2)^. 

For sake of brevity, let us dehne: 

%^,{k) = -K^a.k^. 

Using ()A12p and (IA13D . equations (lAlOD and (lAlip become: 

Pl,^\ki,k2) = {ki)^-%c.^{ki)k^, 

Plr+^\ki,k 2 ) = -^ 3 <:%(A;i)pW(A:i,fc 2 ), for n > 1 . 

n + 1 


The solution for P^(A;i, ^ 2 ) is: 


Pf^ikuk 2 ) = ( k^ 


X{ki) 


a/i 


Solution for Kfj_[k) = P^(k,Q) is simply: 


K,{k) = 


V 


_ g-3C(fc)' 


X{k) 


Q/i 


It is useful to dehne 


A:;r = K;\k) 

Inserting this dehnition and solution (IA16D into (IA5D we get 

P^{ki,k2) = P^{kV,k2) = {ki)f,+ (e-^^^^A k: 

\ / au 


a 

2 • 


(AlO) 

(All) 

(A12) 

(A13) 

(A14) 

(A15) 

(A16) 


(A17) 


(A18) 


(A19) 


The momentum = K introduced in section IIV Cl fsee eo. m), is related to via 




X 


(A20) 




and is given in closed form in (1721) , (1771) , (1821) and (l871) for the so' 
The momentum pjf corresponds to Weyl symmetric ordering 


utions (P. C 2 , C 3 and C 4 respectively. 
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24 


30| 


a-p"' , o-Pr 


Ip, = + 


W 


1 + 


a ■ p 


w 


e-a-p^ - 1 


(A21) 
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For , it is useful to define: 


= -K^^,{p^r. (A22) 

Using this definition, and solution (IA19D with the equation (IA4D . hnally leads to the coproduct: 

= P/, < 8 ) 1 + (g) p" (A23) 

V / a/i 

Appendix B: Construction of the twist operator from the coproduct of momenta 

It can be shown that for any A^i, such that [A^i,,Lfjp\ = 0 and [A^^,Af^p] = 0, the following 
holds: 




:= e 


(Bl) 


This identity is a 


in j^l i 


generalization of the result presented in m in equations (A. 16) and (A. 17). See 


also Section 2 in [49 1. 

Twists can be calculated from the known coproducts of momenta using the equation (1911) . We 
would like to write the twist in the following form: 


T = e^, 


where 


S=1 

and fs [i 0 [(n)] (8)77 [ig[(n)] is contribution to / in s-th order of i. 

Inserting (1551) into (|9ip . for t = 0 we get: 

=: exp|(A"^ - 1 )^^ ( 8 )L“,g| : 

From equation (IBII) it follows 

.F-i = exp{(lnA-i)^„®L“^} 

Since we hnd the twist: 

T = exp (jC^a ® 

Since JC^y = —Kpay{p^)°‘ and Ip = the result can also be written as: 

F = exp [-ip^ ® /“) 


(B2) 


(B3) 


(B4) 


(B5) 


(B 6 ) 


(B7) 
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Appendix C: A special case of the BCH formula 


Let us consider algebra generated by A, B and a: 

[A,B] = aB, [A,a] = [B,a]=Q 

then 

e-^e^ = 


where 


/(«) = 


a 


1 - e-" 

This can be proved by representing A and B with 2 by 2 matrices: 

^0 1 ^ 


. a / 1 0 

~ 2 \ 

',0 -1 


B = 


,0 0 . 


These matrices satisfy the algebra (ICll) . Their exponentials 


are: 


e-^ = 


62 0 

0 e~^ 


= l + B = 




leading to 


On the other hand, since 


it follows that 


e^e^ = 


6 2 6 2 


0 6 2 


A + Bf{a) = 


f /(«) 


0 -- 

^ 2 


^A+Bf{a) _ 


gf /Od/'gf _ g- 
a. 


e 2 


Comparing (ICOp and (ICSp gives /(a) in 


(Cl) 

(C2) 

(C3) 

(C4) 

(C5) 

(C6) 

(C7) 

(C8) 
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